The stability group of a descending invariant series of subgroups  by Hartley, B
JOUFUWL OF ALGEEIFUL 5, 133-156 (1967) 
The Stability Group of a Descending Invariant Series 
of Subgroups* 
B. HARTLEY] 
Department of Mathematics, Massachusetts Institute of Technology, Cambridge. 
Massachusetts 
Communicated by P. Hall 
Received September 14, 1965 
1. INTRODUCTION 
This paper may be regarded as a continuation of [4] and we shah use the 
same notation as was there employed. We recall that a descending series of a 
group G is a set 
(~o;~~P) (1) 
of subgroups of G, indexed by ordinals u < p and such that /la = G, rl, = 1, 
4+l u 4 if u < P, and noclr A,, = A,, if t.~ is a limit ordinal < p, The series 
(1) is termed inwwiant if in addition II, u G for all u < p. More generally, 
if H and K are subgroups of G with K < H and the first two conditions 
are replaced by da = H, A, = K, we shall speak of a descending series 
from H to K. Descending series are always assumed to run from G to 1 
unless the contrary is stated. 
The stability group of (1) is by definition the largest subgroup P of Aut G 
such that 
H7 9 r1 G A+1 (2) 
for all u < p. Here 
[4,rl={[%4;XE4,aEr) (3) 
is the subgroup generated by the commutators 
[X, a] = X-lx0: (4) 
as x runs through A, and a through r. Any subgroup of F is said to 
stubiZize (1). 
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We shall be concerned here with the two group classes ‘I)D and 9’ defined 
in [4]. (As usual, group classes are assumed to be closed under isomorphisms 
and to contain all groups of order 1). We recall that a group A belongs to 
gD iff A can faithfully stabilize (i.e., can be embedded in the stability group 
of) a descending invariant series of some group, and to ZD iff A can faithfully 
stabilize a descending series of some abelian group. 
We shall consider the questions: (i) Do gD and ZD coincide? (ii) What 
is the structure of ?lD and ZD-groups ? 
Before stating our main results we make some remarks about notation. 
Following P. Hall we use the following notation for standard group classes: 
X = abelian, % = nilpotent, 8 = finite, 3, (where w is a non-empty set 
of primes) = finite w-groups, ‘u, = abelian w-groups. As usual, if w is a 
non-empty set of primes, a m-number is a positive integer all of whose prime 
divisors lie in w, a w-element of a group is a periodic element whose order 
is a w-number, and a w-group is a group all of whose elements are w-elements 
If a and 2) are any two group classes, the product (En is defined by: A E 
63~3 KdA such that KE(S and AIKE%. 
The term closure operation will be used in the sense of P. Hall (cf. for 
example [2]). The closure operations S, Q, L, R, J are defined by, if 6 is any 
group class, 
G E SK o G can be embedded in a E-group, 
G E Q& o G is a homomorphic image of a E-group, 
G E L% o every finite subset of G lies in a E-subgroup of G, 
GERKegiven xf 1 in G, 3 KdG such that x$K and G/KEE, 
G E JE o G is generated by its K-subgroups. 
We shall answer questions (i) and (ii) completely for groups which are 
generated by their p-elements for some prime p. In fact we have 
THEOREM 1. 08,) n g”=(J%) n ‘XD = (Js,) n (%D) for W’ PYi”@Z’. 
Of course, a group G belongs to J&, if and only if G is generated by its 
p-elements. ZSD is an important subclass of ZD defined by: A E ZsD o A 
belongs to a descending series of the standard wreath product C \ A = W, 
where 1 C 1 = p. The intersections of such a series with the base group 
C of W then constitute a descending series of e faithfully stabilized by A 
(which acts on c by conjugation). Thus 
We shall see that A E ZDD if and only if A has a descending series with factors 
of order p. Thus Theorem 1 states that a group generated by p-elements 
can faithfully stabilize a descending invariant series if and only if it can 
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faithfully stabilize a descending series of some abelian group, and character- 
izes the structure of such groups completely. 
We also consider questions (i) and (ii) with reference to locally finite 
groups. We introduce subclasses go and ZD of gD and ZD respectively. 
These consist of all locally finite groups which have a so-called faith@ 
special ‘I)D-(resp. P-) representation. (cf. Section 4). Then we shall prove 
THEOREM 2. gD n Lfj < RgD. 
THEOREM 3. !jj” z.z ZD. 
Now by Lemma 1 of [3], 
gD = {R, S)gD and XD = {R, s}ZD . 
Here we use the closure join {x, Y,...} of a number of closure operations 
x, Y,... . A class % is {x, v,...}-closed iff K is x-closed, v-closed,... 
Consequently Theorems 2 and 3 show that 
gD n Lg 6 (RgD) r\ Lij = (RzD) r\ Lg < zD n L& 
and we have equality throughout. Therefore we may state 
THEOREM 4. 13DnL5=zDnLS=(R~D)nL5. 
We may say that a locally finite gD-group has sufficiently many special 
ZD-representations to separate the points of the group. Thus in order to 
determine the structure of locally finite ?1)D-groups, it is enough to study 
special ZD-representations. 
It is interesting to compare Theorem 4 with Theorem 1 of [4l, according 
to which 
(r)nLg=ZnLg. 
The classes 9 and Z are obtained by omitting the word “descending” in 
the definitions of gD and ZD, respectively. It does not seem to be known 
whether a corresponding result holds for ascending series, nor whether the 
classes Z and ZD as a whole are proper subclasses of ?J and jlD, respectively. 
In Section 4 the structure of $lD-groups is investigated, but complete 
results are not obtained. Some consequences of this investigation are given 
in the final section. 
We use the following notation for commutators. If x, y, and z are elements 
of a group, then [x, y] = ~-~y-%y = &xv and [x, y, z] = [[x, y], z]. 
The identities 
[x3 Y4 = h 4[% Yl” (5) 
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kY, 4 = k% 4’b, 4 (6) 
are well known. If X is a non-empty subset of G and H and K are subgroups 
of G, then [X, H] = ([x, zb]; x E X, h E H) and [X, H, K] = [[X, H], K]. 
2 THE CLASSES ZpD 
Let H be a subgroup of a group G. We say that His a descendant subgroup 
of G, and write H des G, if H belongs to some descending series of G. Thus 
A E ZPD + A des W = X 1 A, where C is a group of order p. (All wreath 
products are taken to be standard.) 
We say that a group G is p-radicable (where p, as always, is a prime), + 
for each y E G, the equation xr’ = y has a solution (not necessarily unique) 
in G. If for each y E G and integer n the equation xn = y has a solution in G, 
then we say that G is radicable; clearly this happens if and only if G is p- 
radicable for every prime p. If G has no p-radicable subgroup # 1, then we 
say that G is p-reduced. A reduced group G is one which has no radicable 
subgroup # 1; clearly this is not equivalent to saying that G is p-reduced 
for all primes p. Of course if p’ denotes the set of all primes other than p, 
then every PI-group is p-radicable. 
LEMMA 2.1. An Abelian group G is p-reduced o G has a descending series 
with factors of order p. 
Proof. Suppose G # 1 has such a series, and let H be a subgroup # 1 
of G. The intersections with H of the given series constitute a descending 
series of H with factors of order p, and so H has a proper subgroup of index 
p. This subgroup contains the p-th power of every element of H. Conse- 
quently H cannot be p-radicable, and so G is p-reduced. 
Conversely, if G is p-reduced and H is any subgroup # 1 of G, then 
H > HP, the set of p-th powers of elements of H. Therefore if we define 
inductively G,, = G, G,,, = Go@, G, = no<,, G, for limit ordinals TV, 
then there is a first ordinal p such that G, = 1. Each factor GJG,,+, is abelian 
of exponent p and so is the direct product of subgroups of order p. Now 
suppose the group K is the direct product of a family (KJoCA of subgroups 
of order p, indexed by the ordinals cr < X. Let L, = {Kv ; T > C} for a < A. 
Then (L, ; 0 < h) is clearly a descending series of K with factors of order 
p. This makes it clear that the descending series (Gc ; a Q p) of G can be 
refined to one whose factors are all of order p. 
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LEMMA 2.2. A E ZpD o A des H I. A for every p-reduced Abelian group 
H o A des H 1 A for every Abelian group H of exponent p. 
Proof. It is clearly enough to prove that if A E ZDD and H is ap-reduced 
Abelian group, then A des H 1 A = W. 
By Lemma 2.1, H has a descending series (HO ; u < p) with factors of 
order p. Let R be the base group of W, so that R = Dr,,,., Ha is the direct 
product of the conjugates Ha of H under A. Let i?& = Dr,,, H,” for each 
0 < p. Then rl, 4 W for each u < p and since 1 HJH,,, 1 = p, it is clear 
that A transforms the factor nO/gU+l in the same way as it transforms the 
base group of C 1 A (where 1 C 1 =p), with which base group this factor is 
isomorphic. Consequently, since A E ZDD , where is a descending series from 
R7 to Jzr+, , stabilized by A in the obvious sense. We may therefore refine 
the descending series (RO ; u < p) of R to a descending series (Jo ; 0 < T) 
stabilized by A. If we write (I, = /l+4 for u < p and A,+r = 1, then we 
obtain a descending series (A,, ; u < p + 1) of W having A as a term. This 
concludes the proof. 
We define closure operations E and 6 as follows: 
G E E(5. o G has a finite series with &-factors, 
GE BK o G has a descending series with a-factors, 
where a denotes an arbitrary group class. It is clear that E and B are closure 
operations. 
It was shown in [3], (cf. (44) of Section 5.5) that the class of all groups 
A such that A des H 1 A for every Abelian group H, is {E, R, s}-closed. (We 
should perhaps point out that our usage of the symbol Z differs from its 
usage in [3].) Let $ be any subclass of ‘21 which is {Q, s}-closed and closed 
under the formation of direct products. Then precisely the same arguments 
of those of [3] may be employed to prove that the class of all groups A such 
that A des H 1 A for all HE 8, is (E, R, s}-closed. Clearly the class of all abelian 
groups of exponent p may be taken as 5. Lemma 2.2 now gives 
LEMMA 2.3. ZgD = {E, R, s}ZDD . 
Now by lemma 23 of [3], every {E, R, s)-closed class is i?s-closed. Here, 
if A and B are closure operations and 6 is any group class, the product AB 
is defined by ABC = A(B%). In general AB will not be a closure operation, 
but if BA < AB in the sense that BAK < AB(I: for every class (f, then it is easy 
to see that AB is a closure operation, and in fact coincides with {A, B}. Since 
sf < Bs, &s is in fact a closure operation. Of course every &s-closed class 
is Es-closed, and it is not hard to see that such classes are also n-closed. 
Consequently 
{E,R,S} = tS (1) 
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and so 
z,D = hsZ,D . (2) 
for any prime p. The classes z,D are thus semisimple classes in the sense of 
Kurosh [.5]. 
Let C, and C, be groups of order p. Then W = C, 1 C, E % and so C, is 
subnormal in Win the usual sense, namely that Ca belongs to a finite series 
of W. Consequently C, E 2,O and we have by (2) 
where (C,) is the smallest class containing a group of order p. 
However by definition if A E ZDD , then A des C, 1 A = U and so A faith- 
fully stabilizes a descending series in the base group c1 of U. Since c1 is 
Abelian of exponent p, this series may be refined to one whose factors lie 
in (C,). Hence by Lemma 4 of [3], A E h(C,). (cf. also Lemma 3.4 of this 
paper.) Equation (3) now makes it clear that 
z D = h(q)), 9 (4) 
and ZPD is precisely the smallest semisimple class containing a group of 
order p. We note the following elementary result. 
LEMMA 2.4. Every 2,D-group is p-reduced. Consequently a Z,D-group 
can have no p’-elements # 1. 
Proof. Suppose G E ZDD and let (A0 ; u < p) be a descending series of G 
with factors of order p. Let H be a p-radicable subgroup of G, and suppose 
if possible H # 1. Then there is a first ordinal u < p such that (1, Z@ H, 
and clearly a = T + 1 for some 7. Then 
a nontrivial subgroup of A,/AO . Hence H/A, n H is of order p, and the 
p-th power of every element of H lies in A, n H, a proper subgroup of H. 
This contradicts the assumption that H was p-radicable and shows that G 
must be p-reduced. The second assertion is clear. 
Since ZPD is a semisimple class, every group G contains a unique normal 
subgroup T = TDD(G) minimal subject to G/T E ZDD. In fact, T is the 
intersection of all normal subgroups K of G such that G/K E ZDD , and T 
itself has no nontrivial homomorphic image in XPD. In other words, T has no 
normal subgroup of index p. For example if G E ?I, then Lemmas 2.1 and 
2.4 make it clear that T is just the unique maximal radicable (divisible) 
subgroup of G. In the general case, we may say that a subgroup H of G is 
p-descendant in G if there is a descending series from G to H with factors of 
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order p. Lemma 23 of [3] h s ows that such a subgroup H must contain a 
normal subgroup K of G such that G/K E ZDD, and therefore H > T. Thus 
T may be characterized as the intersection of all the p-descendant subgroups 
of G. Similar considerations apply, of course, to any semisimple class. 
3. GROUPS GENERATRDBYP-ELEMENTS 
In this section we shall obtain the proof of Theorem 1. We first require 
a number of lemmas. Throughout, p will be a fixed prime, G a group, and A 
a subgroup of Aut G. It is convenient to regard G and A as embedded in the 
holomorph of G to allow us to speak, for example, of GA. 
LEMMA 3.1. Suppose that A is generated by p-elements. Suppose L is a 
normal subgroup of G containing [G, A] and centralized by GA. If GIL is 
p-radicable, then A = 1. 
Proof. Let 01 be a p-element of A and x E G. Then UP” = 1 for some 
n > 0 and hence, since [x, a] is centralized by x and 01, the identities (5) and 
(6) of Section 1 show that 
1 = [X, LX”“] = [X, CY]P” = [#, a]. 
Hence (Y centralizes GP” = {x”“; x E G}. But since G/L is p-radicable, G = 
Gr”L. By hypothesis 01 centralizes L, and so (Y = 1. Since 01 was any p-element 
of A and A is generated by its p-elements, we now have A = 1. 
COROLLARY. If G is Abelian and p-radicable, A is generated by p-elements, 
and G has a descending series stabilized by A, then A = 1. 
Proof. Applying the lemma to G/[G, A, A] with L = [G, A]/(G, A, A], 
we find that [G, A] < [G, A, A]. Hence [G, A] = 1 and so A = 1. 
LEMMA 3.2. Let H be any Abelian group. Then the join P of all the p- 
radicable subgroups of H is itself p-radicabk, and so is the unique maximal 
p-radicable subgroup of H. P is characteristic in H and H/P is p-reduced. 
Furthermore, P = TsD(H). 
Proof. All the assertions but the last are no doubt well known, and are 
in any case trivial. The last is an immediate application of lemma 2.1. 
The following lemma is fundamental for most of the results in this paper. 
LEMMA 3.3. Suppose A is generated by p-elements and stabilizes a descend- 
ing invarsknt series of G. Then A stabilizes a descending central series (A0 ; 
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o~p+1)of[G,A]suchthat~,~GforaZlo~p+1,and~,/~,+,is 
p-reduced if u < p. 
Proof. Let (L, ; u < p) be a descending invariant series of G stabilized 
by A. We may suppose without loss of generality that L, = [G, A]. Let 
A* = (AH} = (AG} = {g; 01 E A, x E G) be the normal closure of A in 
H = GA . Now if u < p, then L, 4 H and so the centralizer C&LO/LO+,) 
of LO/L,,, in H is also normal in H if u < p. Therefore A* Q C,(L,/L,+,) 
and so 
[Lo 7 A*1 G L,, (1) 
if a < p. (L, ; 1 < u < p) is thus a descending central series of [G, A]. 
Put &, = fl, = [G, A]. We construct by induction subgroups rl, of 
[G, A] for u < p with the following properties:- 
(i) II, q G for all u < p, 
(ii) fl,>L,and [A,,A*]<L,ifu<p, 
(iii) fl, = nOG7 fl, if 7 is a limit ordinal < p, 
(iv) If 7 < p and 7 is not a limit ordinal, then fl,-J/l, is p-reduced, and 
[L, , A*1 G fl, . 
Let 1 < p < p and suppose the subgroups A, have been constructed 
for all u < p. 
If p is a limit ordinal, then we simply put (1, = nO<p fl, , and all the 
conditions are satisfied. 
If p = u + 1 for some u > 1, then we have by hypothesis 
4 3 Lo > PI, , A*l-L+, .
Since (1, < [G, A] < A*, it follows that A,/L, is a central factor of [G, A], 
and so is Abelian. Let fl,+r/L, be its unique maximal p-radicable subgroup, 
which exists by Lemma 3.2. Then A,+JL, is characteristic in A,,/L,, and so 
normal in G/L,. Thus A,+1 4 G. Furthermore A,/A,, is p-reduced. We now 
apply Lemma 3.1 to A,+l/L,+l . Since [AO+l , A*] < [A,, A*] <L, , A* 
is generated by p-elements, AO+l/LO is p-radicable, and A* centralizes 
L/L+1 P it follows that [AO+l , A*] <LO+, . Consequently all the appropriate 
conditions are satisfied by (lo+% , and the construction proceeds. 
To complete the proof of the lemma it is now enough, by condition (ii), 
to put Ati,, = 1. 
It is not hard to see that in this lemma, if G is Abelian, then [G, A] may 
be replaced by G. However we shall not require this fact. 
The following lemma is almost a special case of Lemma 4 of [3]. 
LEMMA 3.4. Suppose G has a descending invariant series stabilized by 
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A. If all the factors of this series except possibly the first lie in the class &, 
then A E BsK 
Proof. Let (A0 ; a < p) be a descending invariant series of G, stabilized 
by A, and such that nJd,,+r E a if 1 < u < p. 
Let K, = C,(G//l,) for each 0 < p. Then K, = Kl = A, K, = 1, 
K, <1 A for each c < p, and K,, = fioclr K, for limit ordinals ~1 < p. By 
(1) of Section 2, it is now enough to show that K,/K,+, E RS(Z if 1 < u < p. 
Accordingly, suppose 01 E K, - K,,, , where u > 1. Then 3 x E G such 
that [x7 4 6 flu+, - Now the identity (6) of Section 1 shows that the map 
fi + 1;8, x&+, maps K, homomorphically into the group &/(l,+r . If L is the 
kernel of this homomorphism, then clearly 01$ L 2 K,,, , and K,,/L E SC. 
This concludes the proof. 
We shall also require the following well-known fact. 
LEMMA 3.5. Let L, M, and N be subgroups of a group G. Then any normal 
subgroup of G which contains two of [L, M, N], [M, N, L], [N, L, M] also 
contains the third. (Cf. [I] theorem 10.3.5). 
Proof of Theorem 1. We shall first show that gD n ~3, < 911zDD. Suppose 
A is a subgroup of Aut G generated by p-elements and stabilizing a descend- 
ing invariant series of G. Let (A0 ; u < p + 1) be a descending series of 
[G, A] constructed as in Lemma 3.3, and let L = A,. Clearly G/L has a 
descending invariant series stabilized by A and such that all its factors 
except the first, being Abelianp-reduced groups, lie in ZDD. Let C = C,(G/L). 
By Lemma 3.4, 
A/C E fs zpD = zpD. 
Also, since [L, A] = 1, we have [G, C, C] = 1 and so, by Lemma 3.5, 
[G, C’] = 1. Th ere ore f C’ = 1 and C is Abelian. Consequently A E 21ZDD. 
To conclude the proof of the theorem, we now need only prove 
LEMMA 3.6. ‘zczpD < XD. 
Proof. We have to assume that A is a group having a normal Abelian 
subgroup B such that A/B = FE SD, and show that A E ZD . In view 
of the well-known fact that every extension of B by r can be embedded 
in the complete wreath product B 7 r (a proof of this is given in Lemma 6.1), 
it is enough to show that B 7 r E zD . 
Let X = {x) be an infinite cyclic group, and let X be the base group of 
X 1 I’. Let b + b* be an isomorphism of B onto a group B*, and let 
G = x x B*. (2) 
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We embed r in Aut G by requiring that r transforms Y? as in X 1 F, and 
[B*, r] = 1. (3) 
Thus X is a free Abelian group with basis (ti”; a E F). Now the base group 
B of B 1 P may be regarded as the set of all functions 6 defined on rand with 
values &,(a E r) in B. We embed B in Aut G by requiring that, if 01 E r, 
and 
[ti, 61 = La*, (4) 
[B*, B] = 1. (5) 
Now transforming (4) with an element /3 E r, we find that 
and so @ is that element of B whose a/3-th coordinate is &a . Consequently 
w=@,r)EBir. 
Now since X is p-reduced and rE z,~, Lemma 2.2 shows that J? has a 
descending series (/.l,, ; u < p) stabilized by r. We note that the factors of 
this series may be supposed to have exponent p. If we put (1,* = fl,, x B* 
for a < p and (1,*+r = 1, then (A,,* ; (T < p + 1) is evidently a descending 
series of the abelian group G stabilized by W. Hence WE ZD, and the lemma 
is proved. 
It is convenient to prove in this section the following result, which will 
be needed subsequently and is perhaps interesting in its own right. 
LEMMA 3.7. Let G be a group gene-rated by p-elements, and suppose A 
stabilizes a descending central series of G. Then A E XDD. 
Proof. Let ((lo ; a < p) be a descending central series of G stabilized 
by A. We prove the result by induction on p. Let CO = C,(G/&) for each 
o < p. Then we may assume A/C, E ZSD for each o < p. 
If p is a limit ordinal the result follows since ZsD is R-closed. 
If p = u + 1 for some (T, then [A,, A] = 1 and so [G, C,, , CO] = 1. 
By Lemma 3.5, [G, C,‘] = 1 and so CO E U. It is therefore enough, by 
Lemma 3.2, to show that C,, is p-reduced. Accordingly, let B be a p-radicable 
subgroup of CO. Now since [G, B] < (1,) the subgroup A,B = H is nor- 
malized by G, and [H, G] < /l, , [(lo, G] = 1. Since H/A0 is p-radicable 
and G is generated by p-elements, Lemma 3.1 shows that [H, G] = 1 and 
so [G, B] = 1. Consequently B = 1, C, is p-reduced, and the lemma is 
proved. 
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4. SPECIAL gD- AND %D-R~~~~~~~~~~~~~ 
Suppose G and A are groups, and let r be a homomorphism of A into 
Aut G. Thus (G, A) is a group pair in the sense of Plotkin [6]. We shall say 
that rr is a special 9JD-representation of A if the following conditions are 
satisfied:- 
I. G has a descending invariant series (A, ; u < p) whose stability group 
contains the image AA of A. 
II. There are primes p and q (not necessarily distinct) and an ordinal 
T < p such that 
(9 4/4+1 is a p-reduced abelian group for all u < 7, 
(ii) L = (1, is central in G and its periodic part L* is a q-group containing 
[L 4. 
It will become clear in the next section how this and the next definition 
arise. In fact Lemma 3.3 shows that a somewhat similar state of affairs arises 
if A is a subgroup of Aut G generated byp-elements and stabilizing a descend- 
ing invariant series of G. 
We say that TT is a special ZD-representation of A if 
I’. G is abelian and has a descending series (A0 ; u < p) whose stability 
group contains Au. 
II’. There are primes p and q and an ordinal 7 < p such that 
6) ~hL+1 is of exponent p for all 0 < T, 
(ii) L = /l, is a q-group, and G/L is free Abelian. Thus G is the direct 
product of L and a free abelian group. 
We shall only use the above definitions in the case when AE ~5. Let 
gD denote the class of all locally finite groups having a faithful special gD- 
representation, and ZD the class of all locally finite groups having a faithful 
special ZD-representation. Clearly 
gD = @I”; ZD = sP; ZD < gD (1) 
and since, by Lemma 1 of [3], the classes 9JD and ZD are n-closed, we have 
It is trivial to see that, for any prime p, every Z,D-group lies in ZD . More 
generally, a glance at the proof of Lemma 3.6 reveals the fact that if B E 2l,, , 
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then the representation of BT r there constructed is an elementary 
ZD-representation. Thus, for any primes p add q, 
(a,z,“) n L5 < ZD, (3) 
and since clearly 
(4) 
where the union is over all primes q, we have 
(aTaD) n Lg < RzD, (5) 
and by Theorem 1, every locally finite gD-group generated by p-elements 
lies in RzD. Theorem 4 will show that every locally finite $lD-group lies in 
RzD. 
The following lemma gives some results about the structure of gD-groups. 
If ar is a non-empty set of primes, we shall use w(G) to denote the subgroup 
generated by the w-elements of G. 
LEMMA 4.1. Suppose A is a locally $nite subgroup of Aut G, and that 
conditions I and II are satisfied (with rr the inclusion map, of course). Let C = 
CA(G/L*), D = C,(L*). Then 
(i) A/C E ZPD, A/D E 2,O , 
(ii) C n D E 21g , and C n D has a descending series with factors central 
in C. 
(iii) C E I& . 
Proof. (i) Let C, = C,(G/L). N ow A/C, faithfully stabilizes a descend- 
ing series of G/L and the factors of this series, being abelian p-reduced 
groups, lie in ZDD. Hence by Lemma 3.4 
A/C, E ZDD . (6) 
Clearly C < C, . However, if x E G and cy E C, , then a* = 1 for some finite 
n and so 
1 = [x, a”] = [x, a]” modL*, 
since a: centralizes L/L* by condition II( Thus [x, a] EL* and so we find 
that OL E C. Consequently C = C, . Hence A/C E ZDD, by (6). 
Now L* is A-invariant and so has a descending series stabilized by A. 
Since L* E ‘u, , Lemma 3.7 shows that A/D E ZaD . 
(ii) Let E = C n D. Then [G, E, E] = 1 and by Lemma 3.5, [G, E’] = 1. 
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Consequently E E X Now suppose (Y is an element of E of prime order 
I # q. Then 3x E G such that [x, CX] # 1. However 
1 = [X, a’] = [X, a]’ 
since [x, a] EL*, which is centralized by every r-element of A. But L* is a 
q-group and so [x, a] = 1, a contradiction. Hence E must be a q-group. 
Let (L, ; 0 < p) be a descending series of L* stabilized by A and with 
each L, 4 G. (We may take L, = (1, n L*.) Define inductively E, = E, 
E o+l = PO, Cl, E, = fLp -% if p is a limit ordinal. Clearly E, >, E,,, 
for any g and to complete the proof of (ii) it is enough to show that 
[G -%I < -5, (7) 
for all u < r; this will show that E, = 1. 
Now (7) certainly holds for u = 0. Suppose 0 < X < p and that (7) holds 
for all u < X. If h is a limit ordinal, then (7) certainly holds with u = h. 
If h = (T + 1 for some u, then we have [G, E, , C] < [LO, C] < L,l , 
and [G, C, EO] < [L*, Ej = 1. Hence by Lemma 3.5, [G, E,,,] = [G, 
[C, Eoll G Lo+, > and (ii) is established. 
(iii) This is clear since E E !!I* and C/E g CD/D. Of course A/D E 
ZgD n ~3 < L& . Hence CD/D E ~5, and (iii) is established. 
COROLLARY 1. If p = q, then A E ‘u,Z,D. 
Proof. This follows by (i) and (ii) and the fact that ZVD is n-closed. 
COROLLARY 2. Suppose p # q. Then C = TDD(A) = q(A). Thus q(A) 
is a q-group. Let T = TpD(A) n TQD(A). Then T E V$, and T has a descending 
series with factors central in q(A). A/T is the direct product of a ZSD A L&,- 
group and a zaDn ~&-group. 
Proof. Clearly A/TDD(A) E ~5, . Thus by (i) and (ii) and the definition 
of TDD(A), q(A) < TSD(A) < C < q(A), and we have equality everywhere. 
(i) shows that T < C n D and so by (ii), T haa a descending series with 
factors central in q(A). 
Now A/T is isomorphic with a subgroup of A/TDD(A) x A/TcD(A). The 
first factor lies in ~8, and the second in L& . Thus A/T is isomorphic with 
the direct product of a subgroup of A/TnD(A) and a subgroup of A/TqD(A). 
From this the result is clear. 
Thus if A is finite, then Corollary 2 tells us that A is an extension of an 
Abelian q-group by a nilpotent pq-group (that is, a w-group, where w consists 
of p and q). The method of proof of lemma 6 of [4] shows that all such finite 
groups actually lie in ZD, whence we have a necessary and sufficient condition 
for a finite group to lie in gD. We may therefore state 
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COROLLARY 3. A finite group A lies in g” if and only if it is an extension 
of an Abelian q-group by a nilpotent pq-group, fm suitable prims p and q. 
This happens if and only if A E ZD . 
If A is not finite in corollary 2, then we know that A is an extension of an 
Abelian q-group T by a locally nilpotent pq-group r = A/T. However 
Corollary 2 tells us something more about r and also something about the 
way T is embedded in A. We have not been able to decide whether the 
information given in corollary 2 about the structure of A is sufficient to 
ensure that A E gD. 
5. PROOF OF THEOREM 2 
We first require two lemmas. 
LEMMA 5.1. Let G be a group and A a locally finite subgroup of Aut G 
stabilizing a descending invariant series of G. If p and q are distinct primes, 
then 
0) I?, ~(4, q(A)1 G I3 ddW)l~ 
(ii> G P(A), d41 E % . 
Proof. In proving this lemma, it is clearly enough to assume A E 3. In 
this case, by Lemmas 9 and 13 of [4], [G, q(q’(A))] is an Abelian q-group of 
finite exponent qn say, having a finite series stabilized by A. Thus it suffices 
to prove the first assertion. 
Let B, = q(q’(A)), and let (A0 ; g < p) be a descending invariant series 
of G stabilized by A. We prove the result by induction on p. Thus we may 
assume [G, p(A), q(A)] < [G, B&l, for all u < p and p # q. We first 
deduce from this that [G, p(A), q(A)] E 4 . 
1. Suppose p is a limit. Then for each u < p, the inductive assumption 
and our opening remarks show that, mod A,, , [G, p(A), q(A)] is Abelian of 
exponent q”. Since nocp (1, = 1, it follows that [G, p(A), q(A)] is itself 
Abelian of exponent qn. 
2. Suppose p = u + 1 for some u. Then [G,p(A), q(A)] < [G, B,] A, = 
R, say. Now we may suppose that 11, < [G, A], and so by remarks at the 
beginning of the proof of Lemma 3.3, [G, A] centralizes A,. Hence R E %. 
Furthermore, since [G, B,J has a finite series stabilized by A and [A0 , A] = 1, 
R has a finite series stabilized by A. 
Put H, = [G, p(A)] and define H,,, = [Hi , q(A)] for i > 0. Then H,, = 1 
for some first integer EZ, and HI < R E U. Now if i 2 1, then Hi = {[x, a]~(~)) 
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where x runs over H+ and o! over the q-elements of A. But if (Y is such an 
element, then 
1 = [x, a*“] = [x, a]*” mod H,+1 , 
for some n > 0. Thus Hi/H,+, E ‘Zq for i > 1. Hence HI is a q-group, and 
we have already pointed out that HI is Abelian. 
The proof may now be concluded as follows. By Theorem 1 of [4], A E II%. 
Let B = &p’(A) over all primes p. Then BE ‘?I, and A/B E %. Thus 
[p(A), q(A)1 < B if P and 4 are distinct primes. Now by Lemma 3.5 
[G, PWCMI G F-5 WG cd4 ~(41~1. (1) 
But [G, q(A), p(A)] and its conjugates in G, by the above remarks, are all 
normal ‘%,-subgroups of [G, q(A)]. Hence their join lies in L& . Since 
[G, p(A), q(A)] E L& , (1) shows that we must in fact have 
[G ~(4, d41 G G 4. 
Now B = Dr, B, over all primes r (cf. Lemma 1 of [4]), and so the subgroups 
[G, B,] generate [G, B]. In fact, [G, B] is their direct product, since [G, B] E ‘u 
(by Lemma 13 of [q), and [G, B,] E Xr. 
Thus [G,p(A), q(A)] < q([G, B]) = [G, B,], and the proof is complete. 
LEMMA 5.2. Suppose A E ~(5 r\ XX), and let q be a prime. Then q’(A) 
has no central q-elements # 1. 
Proof. Let x be a central q-element of q’(A). Then x is expressible 
as the product of a finite number of q’-elements of A, and these generate 
a finite %X-subgroup of A. Therefore we may assume that A is a finite 
%X-group generated by q’-elements. 
Let B be the last term of the lower central series of A. Then A/B is a 
nilpotent q’-group, and B E %. Let C = q(B). Then x E C, and [C, B] = C. 
Now A/B has an obvious representation by automorphisms of C. In other 
words, we may regard C as a module for A/B, which is of order prime to the 
order of C. By a well-known lemma of Fitting, it follows (in additive notation) 
that C is the direct sum of two submodules C, and C, , where C, consists 
precisely of the elements of C fixed under the action of A/B. In other words, 
C is the direct product of two normal subgroups C, and C, of A, where 
C, = C n &(A) [&(A) denotes the center of A.] Consequently [C, A] < C, . 
Hence C = C, and C, = 1. Therefore x = 1. 
Proof of theorem 2. Let G be a group, A a locally finite subgroup of Aut G, 
and suppose A lies in the stability group of a descending invariant series 
(&;cr<:)ofG. 
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Let p be a prime and M = [G, p(A)]. By Lemma 3.3, M has a descending 
central series 
(A;~<P + 1) (2) 
stabilized by p(A). Furthermore this series consists of normal subgroups 
of G, and all its factors but the last are abelianp-reduced groups. Let L = d, . 
Then M/L E SD, and so M/L has no non-trivial p’-elements, by Lemma 2.4. 
Suppose q is a prime different from p. By lemma 5.1, [M, q(A)] E ‘?I*. 
It follows that [M, p(A)] < L and in fact 
PC @)I G c@) if 4 Z P. (3) 
The subgroups A,, are thus all A-invariant, and 
if u < p. L is a central A-invariant subgroup of M, and since [L, p(A)] = 1, 
(3) shows that 
[L, A] <L* (5) 
where L* is the periodic part of L. Now if q is any prime, then q(L) is A- 
invariant and so has a descending series stabilized by A. Since L* = q(L) x 
q’(L), it follows that L*/q’(L) al so h as such a series. Reference to the definition 
now makes it clear that the induced representation of A by automorphisms 
of M/q’(L) is a special gD-representation. Let C, = C,(M/q’(L)); then 
A/C, E g= . (6) 
Since this holds for any prime q (including p), and II,, q’(L) = 1, it follows 
that 
A/C,(M) E Rg= . (7) 
Since [G, A] is generated by the subgroups [G, p(A)] for all primes p, we 
have 
W,([G, Al) E Rg=. (8) 
We now conclude the proof of the theorem by induction on p. Let K,, = 
C,(G/A,) for u < p. We may assume that 
for all u < p. 
A/K, E RgD (9) 
If p is a limit ordinal it follows immediately, since fiO<p K, = 1, that 
AER~~. 
Suppose p = a + 1 for some O, and let K = K, n CA([G, A]). Then 
1 = [G, A, K] = [G, K, A]. Hence [G, [K, A]] = 1, and so [K, A] = 1 
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and K is a central subgroup of A. Also by (8) and (9), A/KE RgD. The 
proof will therefore be complete if we can show that, for each 1 # a! E K, 
3N = N(a) 4 A such that a 4 N and A/N E g”. It is clearly enough to 
suppose 01 of prime order, p say. Now by Theorem 1 of [4], A E ~(3 n (nW). 
Hence by lemma 5.2, OL $p’(A). It is therefore enough to prove that A/p’(A) E 
QD for each prime p. 
Now A = p(A)p’(A) and so 
A/P’(A) = P(A)/P(A) n ~‘(4 (10) 
Let P = p(A) and P* = p(A) n p’(A). Reverting to the notation used at 
the beginning of the proof, we have by (3) 
[M, P*] <L. (11) 
Let C = C,(M/L). Then P/C stabilizes faithfully a descending invariant 
series (da/L; a < p) which has Abelian p-reduced factors. By Lemmas 2.1 
and 3.4, 
P/C E z,D . (12) 
Now C stabilizes faithfully the invariant series 
and so by well-known results (cf. [7] or [I] Theorem 10.3.6), C E ‘%. Equation 
(11) shows that P* 9 C, and so C/P* is a nilpotent p-group. Let Z/P* be 
its centre. Then it is easy to see that C/Z E ZDD . In fact C/Z stabilizes faith- 
fully the upper central series of C/P* and we can use Lemma 3.7. 
Hence C/P* E ‘u,ZDD and by (12), P/P* E %JDD . By (3) of Section 4, 
it follows that P/P* E gD. Equation (10) now shows that the proof of 
Theorem 2 is complete. 
6. hOOF OF THEOREM 3 
We first require an embedding theorem. Let H be a normal subgroup 
of a group G, and let G/H = I’. Let (su ; 01 E F) be a transversal to H in G 
with s1 = 1. Thus 
v/l = QJ%a (1) 
for some c=,~ E H, and any element x E G may be represented uniquely 
in the form 
x = hs,(h~H,a~T). (2) 
Now the base group If of the complete wreath product W = H 7 r is the set 
of all functions R defined on r and with values il, in H, and W is the semi- 
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direct product RF. It is well known that G can be embedded in W. More 
precisely we have 
LEMMA 6.1. The map y : hs, -+ &, where, for fi E I’, i;a = h$ csSu , 
is an isomorphism of G into H 1 r. 
Proof. An easy calculation suffices to verify this no doubt well known 
result. For the convenience of the reader we shall indicate this calculation. 
Let x = hs, and y = KS, be elements of G. Then (1) shows that 
Using the associative law and (3) to expand the product ~2~s~ in two ways, 
we find that 
cm #,p y = & c& . * . (4) 
for all ff, fl, y E r. 
Now 
where 
But using (3) and (6), we see that 
(WP = Zd, (7) 
where 2Y = tiY for all y E I’. Consequently y is homomorphic. 
Furthermore if x = hs, and ti = 1, then clearly (Y = 1 and so s, = 1. 
Since ci.i = 1, we find 
1 =i;,=h 
Therefore r+~ is (1,l) and so embeds G in H 7 r. 
We are interested in the following more special situation. 
LEMMA 6.2. Suppose G is the product of two normal subgroups H and K. 
Let L = H n K, r = G/H and let R be the base group of H 1 r. Then the set 
ofall6ERsuchthat~~~$modLforallor,BErisasubgroupH*ofH 
normalized by r, and G can be embedded in H*.C 
Proof. It is clear that H* is a subgroup of R normalized by r. Now since 
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G = HK, we can choose a transversal (s, ; 01 E lJ to H in G consisting of 
elements of K, and with s1 = 1. Then by (1) 
We use the mapping q~ of Lemma 6.1 to embed G in Hi I’. If x = h.s,-, E G, 
then XCP = h, where, for y E r, 
by (8) and the fact that [H, K] <L. Hence hi H*, and the result is 
established. 
Proof of Theorem 3. We only need prove that g” < ZD. We have to 
assume that A is a locally finite subgroup of Aut G satisfying 
I. G has a descending invariant series (A0 ; CT < p) stabilized by A. 
II. There are primes p and q and an ordinal T < p such that 
(9 4/4+1 is an Abelian p-reduced group if u < 7. 
(ii) L = /l, is central in G and its periodic part L* is a q-group con- 
taining [L, A]. 
We distinguish two cases. 
Case I. p = q. In this case Corollary 1 to Lemma 4.1 shows that 
A E %,ZDD, and (3) of Section 4 then shows that A E ZD. 
Case 2. p # q. Let Q = C,(G/L*). By Lemma 4.1, Corollary 2, Q is 
precisely the set of q-elements of A, and 
A/Q = FE&~. (9) 
Let P = p(A). By Lemma 4.1 (i), everyp-element of A centralizes L*, and so 
P < c,(L*). (10) 
Lemma 4.1 also shows that A is a pq-group, and so A = PQ. Now if 
C,(L*) = 1, then P n Q = 1 and A = P x Q. Further, Q, being in this 
case faithfully represented by automorphisms of the &,-group L*, lies in 
ZQD by Lemma 3.7, and P E A/Q E 2, D . It is then clear that we can construct 
a special ZD-representation of A by automorphisms of X x Y, where X is 
the base group of {x} 1 P and Y the base group of {JJ} 1 Q, x andy being of 
i&mite order and of order q respectively. For by Lemma 2.2, P stabilizes a 
descending series in X with factors of exponent p. 
We may therefore suppose that Co(L*) # 1. Let 1 # a: E C,(L*), and 
choose x E G such that [x, a] # 1. Now if ,!I EQ, then [x, j3] EL*, which is 
152 HARTLEY 
central in G. Hence the subgroup {L*, x> = G, is an Abelian Q-invariant 
subgroup of G. Suppose, if possible, that x is of finite order modL*. Since 
G/L* has no periodic elements of order prime to p, it follows that xp” EL* 
for some n > 0. Hence [xp”, a] = 1 and so [x, a]pn = 1, since G, E 8. 
However L* is a q-group and so [x, a] = I, which is contrary to hypothesis. 
It follows that G, = L* x (x}, (x} being an infinite cyclic group. 
For each 1 # a E Co(L*), choose an element x(a) E G as above, and let 
N be the direct product of all the groups Gzcol, which arise in this way. Now 
N=UxS (11) 
say, where U is a free Abelian group and S, being a direct power of L*, 
is an Abelian q-group. Since nol C&G,,,,) = 1, where the intersection is 
over all 1 # (Y E C,(L*), it is clear that Q may be faithfully represented by 
automorphisms of N in such a way that S has a descending series 
(A, ; OGPP) (12) 
stabilized by Q, and 
[N, 81 < S. (13) 
Now T=A/QEZ, D . Let 0 be the base group of U 1 I’, Q the base group 
ofQiI’,R=PnQ, and Q* the subgroup of Q consisting of all i E Q 
such that &a = & mod R for all 01, /3 E I’. We note that by (10) 
R < C,(L*) = Co(S). (14) 
Let G=OxS. (15) 
We embed r in Aut G by requiring that r transforms 0 as in the wreath 
product U 1 r, and 
IS, r] = I. (16) 
Then 0 = Dr,,, Us. 
For each ~EQ*, we define an automorphism ~(5) of G by, if x E U, a E r 
and s E S, 
[x”, 491 = h iloll, (17) 
gdG = $1 , (18) 
noting that & belongs to Q and is therefore effectively an automorphism 
of U x S. Now by (14) we have equally 
Thus 
p(h) = p. for any ff E r. 
7@) jLIoxs = a-%,& (1% 
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This makes it clear that r induces a representation of Q* by automorphisms 
of Ua x S for each 01 E P and is therefore a representation of Q* by auto- 
morphisms of G. (19) al so makes it clear that this is a faithful representation, 
and so we can regard Q* as a subgroup of Aut G. 
Transforming (17) and (18) with an element fl E P we find that 
and 
where 5 has been identified with z-(R). Thus ib is that element of Q* whose 
$-th coordinate is i;, . Consequently P transforms Q* as in Q T P. Since 
A=QPandQnP=R,L emma 6.2 shows that A can be embedded in 
Q*r. 
Now since U is free Abelian and PE ZgD, the proof of Lemma 2.2 shows 
that 0 has a descending series (A, ; u < p) stabilized by c the factors of 
this series may be taken to be of exponent p. Since [G, Q*] < S, reference 
to (12) now shows that if we put A, = A, x S for u < p, and Ap+O = A,, 
for u < p, we obtain a descending series of G stabilized by Q*P, and in fact 
we have a faithful special Zo-representation of Q *P. Since A can be embedded 
in Q*P, the proof of theorem 3 is complete. 
7. RADICABLE SUBGROUPS OF LOCALLY FINITE gD-G~oups 
It is easy to deduce from the results so far obtained that the radicable 
subgroups of a gD n @-group A are rather restricted in their structure 
and in the way they are embedded in A. 
LEMMA 7.1. Suppose A E gD and let B be a radicable subgroup of A, 
Then B E YIP for some prime p, and either A is a p-group or [B, p(A)] = 1. 
Proof. By Lemma 4.1 there are primes p and 4 such that T = TDD(A) n 
TQD(A) E %, . Now by Lemma 2.4, every Z,D-group is r-reduced (here r 
is any prime) and so reduced. Hence Al T is reduced and so B < T. Therefore 
BEBID. 
If p = q, then A is a p-group. 
If p # q, then Lemma 4.1, Corollary 2 shows that T has a descending 
series stabilized by p(A)(which acts on T by conjugation). Let R be the 
unique maximal radicable subgroup of T. Then R, being characteristic in 
T, also has a descending series stabilized byp(A). By the corollary to Lemma 
3.1, [R,p(A)] = 1. Since B < R, the result follows. 
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Let p and q be primes, H a radicable Abelian group of type p”, and (x] 
a group of prime order p. Let A = H 1 B. Then A E ~3 n (%$I,~) < ZD 
by (3) of section 4. This shows, in the case p = q, that a p-group in ZD 
may have a noncentral radicable subgroup. However, by Lemma 7.1 such a 
group cannot be embedded in a ZD-group which has elements of order 
prime to p. In the case p # q, we see that a ZD-group having elements of 
distinct prime orders may nevertheless have a nontrivial radicable $- 
subgroup. Our results show that in such a case q(A) is necessarily a q-group, 
and [B, q(A)] = 1. The above example is somewhat special in that q(A) 
is itself Abelian. However we shall give an example in which q(A) is more 
complicated. Our example will be monolithic in the sense that the inter- 
section of its nontrivial normal subgroups is # 1. Such a group A, of course, 
does not belong to ~6 for any class E not containing A, that is, it is not 
“residually a simpler group.” We shall give this example after proving 
Lemmas 7.2 and 7.3. 
LEMMA 7.2. Suppose A E gD n LS and let B be a radicable subgroup of 
A. Then B E X and if B is a p-group, then [B, p(A)] n p’(A) = 1. 
Proof. Let K be a normal subgroup of A such that A/K E g” . Then 
BKIK is a radicable subgroup of A/K. Lemma 7.1 shows that B’ < K and 
if B is a p-group then either A/K is a p-group, in which case p’(A) < K, or 
[B, ~(-41 < K. 1 n any event [B, p(A)] n p’(A) < K. By Theorem 2 the 
intersection of all such K is 1, from which the result follows. 
This shows, for example, that a p-group having a noncentral radicable 
subgroup cannot be embedded in a locally finite ?,lD-group which is generated 
by its p’-elements. 
COROLLARY. Every radicable locally finite gD-group is Abelian. 
LEMMA 7.3. Let H be a radicable abelian group of type p* and {x} be a 
cyclic group. Then W = H ‘1 {x} E gD if and only if x is either of injinite ora% 
or of prime power order, In either of these cases, W actually lies in zD. 
Proof. If the order of x is either infinite or a prime power, then {x} E zqD 
for some prime q and so WE U,ZQD < ZD by (3) of Section 4. 
If the order of x is composite, then in showing W 4 gD it is clearly enough 
to assume that x has order qr, where q and I are distinct primes. Let y be an 
element of orderp in H. Then B = {y, CC} E {y} 1 (x}. It was pointed out in 
[d] Section 1 that if p, q and I are all distinct, then this group does not lie 
in gD. Therefore, in this case W $ gD. 
Hence we may suppose p = r. Let u = xp, v = $. Now L = {y, u) g 
{y} 1 (u}, the wreath product of two groups of order p. The center 2 of L is 
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cyclic of order p and contained in [P, L], where 7 is the base group of L, 
Let 1 # 1: E 2. Then z E [i?,p( W)] CJ IV, where A is the base group of W. 
and so 1 # [z, w] E [n, p( IV)] n q(W). Since &j is a radicable p-subgroup of 
W, Lemma 7.2 shows that W $ gD. 
Now Theorem 1 of [4] shows that, in the case discussed in the preceding 
paragraph, WE 2). Hence we have 
L~n2Png 4 gD. (1) 
where 32, of course, means %?I. 
We conclude by giving the example previously mentioned. Let X be a 
free Abelian group with basis x, , x2, Y = (y} be a group of order 2, and 
2 an Abelian group of type 2* with canonical generators z, , x, ,..., Thus 
~,~=landz~+,=z~fori>l.Let 
G=XxYxZ. 
We define automorphisms TV, h, vi, cij of G as follows. Of course, any 
automorphism of G is uniquely specified by its action on the generators 
%9~,,Y,~l,%,... of G. We make the convention that each of the following 
automorphisms fixes any generator on which its action is not specified. We 
define 
Xl@ = x P 2 ’ x2 = +;1 * , (2) 
xp = x,y (i = 1,2); (3) 
Y” = yx1; (4) 
xp = xp;. * (i = 1,2;j = 1,2 ,...) . (5) 
Thus 
p3=yi2=p=1, (6) 
Let A be the group generated by the above automorphisms. Evidently 
w = g*, ; i = 1,2,j = 1,2 )... } is the direct product of two copies of Z 
and so is radicable, and if L = (X} and N = {vr , us}, then (10) shows that 
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[L, iV] < W. Thus P = WNL is a nilpotent 2-group of class 2 with centre 
Wand A is the semidirect product PM, P 4 A, P n M = 1, where M = {p}. 
Thus P = 2(A), which is not abelian. 
Furthermore, A is monolithic. For let 1 # K 4 A, and suppose if possible 
KnP=I.Then[K,P]=1.Let1#~~k~K,where~~PandO<k<2 
Then since rr centralizes W, pk must also centralize W, and (9) shows that 
this can only happen if pk = 1, a contradiction. 
Therefore K n P # 1, and so K n W # 1, since W is the centre of P. 
Now W* = ({ii , [a,} is the set of elements of order 2 of W. Hence 
K n W* # 1. Now (9) shows that p transforms W* irreducibly, and so 
K > W*. Thus A is monolithic, with W* as its unique minimal normal 
subgroup. 
It remains to show that A E TD. Now if Xan is the set of 3”th powers 
of elements of X, then p induces an automorphism of order 3 on the finite 
V&-group X3”/X3”+l , and so stabilizes a finite series from X3” to X3”+r. 
Since nLo x3” = 1, it follows that X has a finite series (A,, ; (T < w), with 
factors of exponent 3, stabilized by M = {p}. To obtain a descending series 
of G stabilized by A, we only need put 
(1,=A0xYx2 for = < QJ, 
A w+l = z 
A let2 = 1. 
Since Y x 2 E %a , and X is free abelian, it is now clear that A E zD , as 
required. 
More complicated examples may be similarly constructed by replacing 
Y by larger elementary abelian 2-groups, and it is not difficult to see that 
2(A) need not even be nilpotent in a ZD-group A having a nontrivial radicable 
2-subgroup. 
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